This paper studies dynamic characteristics of a beam with continuously distributed spring-mass which may represent a structure occupied by a crowd of people. Dividing the coupled system into several segments and considering the distributed spring-mass and the beam in each segment being uniform, the equations of motion of the segment are established. The transfer matrix method is applied to derive the eigenvalue equation of the coupled system. It is interesting to note from the governing equations that the vibration mode shape of the uniformly distributed spring-mass is proportional to that of the beam at the attached regions and can be discontinuous if the natural frequencies of the spring-masses in two adjacent segments are different. Parametric studies demonstrate that the natural frequencies of the coupled system appear in groups. In a group of frequencies, all related modes have similar shapes. The number of natural frequencies in each group depends on the number of segments having different natural frequencies. With the increase of group order, the largest natural frequency in a group monotonically approaches the natural frequency of corresponding order of the bare beam from the upper side, whereas the others monotonically move towards those of the independent spring-mass systems from the lower side. Numerical results show that the frequency coupling between the beam and the distributed spring-mass mainly occurs in the low order of frequency groups, especially in the first group. In addition, vibratory characteristics of the coupled system can be approximately represented by a series of discrete multi-degrees-of-freedom system. It also demonstrates that a beam on Winkler elastic foundation and a beam with distributed solid mass are special cases of the proposed solution.
Introduction
It has been experimentally identified that a person or a crowd acts at least as a spring-mass-damper on a structure when the person or the crowd is stationary, such as sitting or standing, where the interaction between human and the structure needs to be considered (Ellis and Ji, 1997) . This finding has led to further research of human-structure interaction. The challenging and fascinating aspects of the study lie in that a slightly damped structure system and a highly damped human body system are combined to form a new system (Ji and Ellis, 1999; Ji, 2003; Ellis and Ji, 1996) . When a crowd of stationary people occupies a cantilever grandstand, a longspan floor or a footbridge, the interaction between human and structure can be represented using either discrete or continuous models. The simplest discrete model is a two degrees-of-freedom (TDOF) system in which the crowd is modelled as a single degree-of-freedom (SDOF) system and the structure as another SDOF system. The advantage of the model is that the high damping ratio of the crowd can be considered without too much difficulty. On the other hand, it neglects the effect of all higher modes of the structure. The contribution of the higher modes may not be significant, but this needs to be validated. The simplest continuous model is to consider the structure as a continuous beam while the occupants are modelled as a continuously distributed spring-mass on the beam. Hence, all modes of vibration of the human-beam system can be considered. For such an engineering background, this paper investigates the dynamic characteristics of an Euler-Bernoulli beam with continuously distributed spring-mass.
A number of papers studied free vibration of beams attached by discrete spring-masses or rigid masses. The exact solutions for free vibration of shear beams, Euler-Bernoulli beams and Timoshenko beams with rigid or elastic concentrated masses were reported (Li, 2000; Chen, 1963; Goel, 1973; Rossit and Laura, 2001a,b) . Wu and his co-workers Chou, 1998, 1999; Chen and Wu, 2002; Wu and Chen, 2001) developed an analytical-numerical method to study the free vibration of uniform or non-uniform EulerBernoulli beams and Timoshenko beams with concentrated spring-masses. Low (2000 Low ( , 2003 investigated approximate estimations of natural frequencies of a beam carrying concentrated masses. The vibratory characteristics of uniform or non-uniform beams carrying TDOF spring-mass systems were studied (Qiao et al., 2002; Wu, 2002 Wu, , 2004 Wu and Whittaker, 1999) . Drexel and Ginsberg (2001) investigated the effect of modal overlap and dissipation in a cantilevered beam attached by multiple spring-mass-damper systems. Chai et al. (1995) studied the tension effect of clamped beams carrying a concentrated mass on the natural frequencies. Chan and Zhang (1995) investigated the natural frequencies of a cantilever tube partially filled with liquid theoretically and experimentally. Chan et al. (1996) and Chan and Wang (1997) investigated the vibratory characteristics of a simply supported Euler-Bernoulli beam and of a cantilevered Timoshenko beam with distributed rigid mass, respectively.
In this paper, free vibration characteristics of a non-uniform beam with arbitrarily distributed spring-mass are studied. Dividing the system into several segments and approximately considering all the parameters in each segment being constant, the solution can be derived by using the transfer matrix method. The essence of the coupled vibration of a beam and distributed spring-mass is studied in detail. It is found that the natural frequencies of a beam with distributed spring-mass appear in groups and its vibratory characteristics can be equivalently represented by a series of discrete spring-mass system. It also shows that a beam on Winkler elastic foundation and a beam with distributed solid mass are the special cases of the proposed solution when the mass and stiffness of the distributed spring-mass become infinity, respectively.
Governing differential equation
Consider a beam with a varying cross-section guaranteeing the continuity of the neutral axis of the beam and attached by continuously distributed spring-mass, as shown in Fig. 1(a) . Firstly, a segment with the length of l i is isolated from the system, as shown in Fig. 1(b) , and all parameters of the segment are assumed to be constants. Separating the attached spring-mass from the beam segment and remaining the actions of the spring-mass on the beam, the governing differential equations of the beam segment and the distributed spring-mass on the segment are given as follows, respectively:
where y i = y i (x i , t) is the displacement of the beam, EI i is the flexural stiffness and qA i is the mass per unit length of the ith beam segment. z i = z i (x i , t) is the displacement of the distributed mass m i , k i is the stiffness of the distributed spring on the ith segment. It should be mentioned that for clamped thin beams carrying large distributed mass the tension effect should be considered in the vibration analysis (Chai et al., 1995) . This situation is not included in the present study. When the beam-spring-mass system experiences free vibration, the solutions of the above equations have the following form:
where x is the natural frequency of the coupled system and j ¼ ffiffiffiffiffiffi ffi À1 p . Y i (x i ) and Z i (x i ) are the vibration modes of the ith segment of the beam and the spring-mass on the segment, respectively. Substituting Eq. (3) into Eqs.
(1) and (2) gives
where
is the natural frequency of the independent spring-mass system on the ith beam segment. Eq. (5) indicates that the beam and the spring-mass have the same mode shapes on a segment, as 1=½1 À ðx= x i Þ 2 is a constant. However, the mode shapes of the spring-masses on two adjacent segments, such as the ith and the (i + 1)th segments, can be discontinuous if x i and x iþ1 are different. Substituting Eq. (5) into Eq. (4) gives
where n i = x i /l i is the dimensionless coordinate, l i = m i /(qA i ) is the ratio of the spring-mass to the beam mass per unit length and k
is the dimensionless natural frequency of the system. Eq. (6) is the governing differential equation of free vibration for the ith segment of the beam and distributed spring-mass system. 
Solution
The solution of Eq. (6) depends on the sign of the coefficient 1 þ l i =½1 À ðx= x i Þ 2 according to the theory of ordinary differential equation, which is shown in Fig. 2 . To simplify the expression of the solution, the following parameter is introduced:
There are three possible solutions for Eq. (6):
When ðx=
where c ij (j = 1, 2, 3, 4) are the unknown constants, which can be determined using boundary conditions. When
i at the two ends (x i = 0 and x i = l i ) of the ith segment can be expressed in a matrix form as follows:
where the superscripts R and L mean the right end and left end of the beam-spring-mass segment, respectively, and 
The present solutions are applicable for the following special cases:
• When the mass density of the distributed spring-mass on the ith segment becomes infinity i.e., l i = 1, it means the ith segment of the beam on Winkler elastic foundation.
• When the stiffness of the distributed spring-mass on the ith segment approaches infinity, it represents a distributed rigid mass on the segment of the beam.
Transfer matrix
The displacements and forces on the right end of the ith segment should be equal to those on the left end of the (i + 1)th segment, i.e.,
Substituting Eq. (11) into the above equation gives
where [T] i is called as the transfer matrix. If the structure is divided into I segments, the following successive formula can be obtained: 
where [T] is a 4 · 4 matrix as follows: 
The back substitution of eigenvalues obtained from Eqs. (23)- (27) gives the corresponding mode shapes.
Basic characteristics of solutions
Eq. (5) shows that the mode of the uniformly distributed spring-mass is proportional to the mode of the beam at the attached regions. The amplitude ratio of the spring-mass to the beam is equal to 1=½1 À ðx= x i Þ 2 . This means that in a segment if the natural frequency of the coupled system is smaller than that of the independent spring-mass, the movements of the beam and the spring-mass are in the same direction. However, if the natural frequency of the coupled system is larger than that of the independent springmass, the ratio becomes negative and the movements of the beam and the spring-mass are in the opposite directions. The closer the natural frequency of the coupled system to that of the independent spring-mass, the larger the absolute value of the amplitude ratio. Moreover, if the natural frequencies of the independent spring-masses on two adjacent segments are different, the mode shape of the spring-mass on two adjacent segments could be discontinuous because of different amplitude ratios.
It can be noted from Fig. 2 that when ðx=
, the form of the solution is the same as that of the solution of free vibration of a bare beam, as seen in Eq. (8). When 1 < ðx= x i Þ 2 < 1 þ l i , the form of the solution is the same as that of the homogeneous solution of a static beam on elastic foundation, as seen in Eq. (9). When ðx=
, the solution is the homogeneous solution of a static beam, as seen in Eq. (10). In this case the inertia force of the distributed mass just counteracts the inertia force of the beam.
A uniform beam with uniformly distributed spring-mass along its full length is now considered. There is only one segment and for simplicity the subscript i = 1 is omitted. For this special case, some general characteristics of the beam and spring-mass system can be deduced from Eqs. (5) and (8) that • The mode shapes of the beam Y(n) and the spring-mass Z(n) are identical.
• The parameters c j (j = 1, 2, 3, 4) and a in Eq. (8) are uniquely determined by the four boundary conditions of the beam as shown in Eqs. (23)- (27), which are independent of the spring-mass on the beam. Therefore a 2 is the dimensionless natural frequency of the bare beam and can be expressed as x b l 2 ffiffiffiffiffiffiffiffiffiffiffiffiffi qA=EI p where x b is the natural frequency of the bare beam.
• Substituting c j (j = 1, 2, 3, 4) and a into Eq. (8) gives the mode shape Y(n) which is valid for both bare beam and the beam with spring-mass. In other words, the mode shapes of the bare beam and the coupled beamspring-mass system are identical.
• Substituting a into Eq. (7) leads to the solution of the natural frequencies of the beam and spring-mass system.
In this case one natural frequency of the bare beam corresponds to a pair of natural frequencies of the coupled system, which can be obtained by solving Eq. (7) as follows:
Eq. (28) indicates that the jth pair of natural frequencies of the coupled system corresponds to the jth mode of vibration of the bare beam. From Eq. (28), the following relationships can be easily demonstrated, as given by Ellis and Ji (1997) x 1j x 2j ¼ x bj x; x 1j < ðx bj ; xÞ < x 2j ; j ¼ 1; 2; 3; . . . 1.
Eq. (29) indicates that in the jth pair of natural frequencies of the coupled system, the first frequency is always lower than the natural frequency of the independent spring-mass and the jth natural frequency of the bare beam; the second is always higher than the two natural frequencies of the independent spring-mass and the bare beam. It can be noted that Eq. (28) is actually the solution of a discrete TDOF system, as shown in Fig. 3 , with the following parameters:
From the above analysis, it can be concluded that for a uniform beam with uniformly distributed spring-mass along its length, its vibration characteristics can be exactly represented by a series of discrete TDOF systems. It can be seen from Eq. (30) and Fig. 3 that the two lumped masses, M a and M b , and the stiffness of the upper mass, K a are constants. However, the stiffness K bj is proportional to the square of the natural frequency x bj of the bare beam. With the increase of the mode order, x bj monotonically increases. This means that the stiffness K bj also monotonically increases. Eq. (28) can be rewritten as follows: 
Substituting the above equation into Eq. (31) gives
Eq. (33) indicates that the first natural frequency of the TDOF system is close to that of the independent spring-mass and the second is close to that of corresponding order of the bare beam when j increases. This demonstrates that
• For a high order natural frequency of the bare beam, the upper mass M a and the lower mass M b are vibrating independently at their own natural frequencies. In other words, there is little coupling between the free vibrations of the two SDOF system.
• As x 1j <
x and x 1j % x for a large j, x 1j gradually and monotonically approaches x from the lower side with the increase of the order j of the frequency pair.
• As x 2j > x bj and x 2j % x bj for a large j, x 2j gradually and monotonically approaches x bj from the upper side with the increase of the order j of the frequency pair.
• The coupled vibration of a beam and uniformly distributed spring-mass mainly occurs in the low order of frequency pairs, especially in the first pair of frequencies.
Parametric studies
In the following study, a uniform beam with up to three segments of uniformly distributed spring-mass, as shown in Fig. 4 , will be investigated in detail. The mass and stiffness of the spring-mass are constants in each segment, but vary from one segment to other. Three kinds of boundary condition are considered: the two ends are clamped (C-C), the two ends are simply supported (S-S) and one end is free and the other clamped (F-C). The following dimensionless parameters are used:
The coupled natural frequencies would be obtained by solving Eqs. (23)-(27).
6.1. Uniformly distributed spring-mass on one segment 6.1.1. Coupled natural frequencies A uniform cantilevered beam (free at the left end and clamped at the right end) is first considered with partly uniformly distributed spring-mass starting from its free end. Thus, g 2 = l 2 = b 2 = g 3 = l 3 = b 3 = 0. Three length ratios, g 1 = 0.25, 0.5 and 1.0, are considered. Namely, the spring-mass occupies the first quarter, the first half and the full of the span of the beam, respectively. Assume that the other two parameters in Eq. (34) uniformly distributed spring-mass, the dimensionless coupled natural frequencies can be classified into two queues, as given in Table 1 . The mode shapes of the beam, corresponding to the first two pairs of natural frequencies, are given in Figs. 5 and 6, respectively. It can be observed from Table 1 and Figs. 5 and 6 that
• The coupled natural frequencies appear in pairs. Each pair of frequencies has two mode shapes which are similar to that of the bare beam (when g 1 = 1, the mode shapes of the coupled system are the same as those of the bare beam).
• The first natural frequency in a pair gradually approaches that of the independent spring-mass from the lower side while the second gradually approaches the natural frequencies of the bare beam from the upper side as the order of frequency pair increases.
• The frequency coupling between spring-mass and beam mainly appears in the first pair of natural frequencies. As the order of frequency pairs increases, the degree of the frequency coupling between the beam and the spring-mass decreases quickly. Table 2 gives the first four pairs of dimensionless natural frequencies for S-S and C-C beams with uniform spring-mass symmetrically distributed about the midpoint of the beam when b 2 = 500 and l 2 = 5.0. In such a case, g 1 = g 3 and b 1 = l 1 = b 3 = l 3 = 0. It is seen from Table 2 that, which enhances the observations in the last subsection • The products of pairs of natural frequencies of the system are close (or equal) to that of the natural frequencies of the bare beam and the independent spring-masses for all cases. This is just the unique property of a TDOF system, as given in Eq. (29).
Effect of the distribution of spring-mass
• With the increase of the occupation of the spring-mass on the beam, the first natural frequency in a pair monotonically decreases and the second monotonically increases, i.e., the more the occupation of the spring-mass on the beam, the stronger the frequency coupling.
• The free vibration of the coupled system can be approximately simulated by a series of TDOF systems. Table 3 provides the results showing the effect of the structural parameters on the first pair of natural frequencies for a uniform beam with partly uniformly distributed mass for three types of boundary conditions. In this case, b 1 = l 1 = b 3 = l 3 = 0. Three length ratios and eight groups of spring-mass parameters (mass ratio and stiffness ratio of the spring-mass to the beam) are considered. It is shown in Table 3 that
Effect of stiffness ratio and mass ratio
• With the increase of the occupation of the spring-mass on the beam, the first natural frequency in a pair monotonically decreases and the second monotonically increases, as the same as observed in Table 2 .
• Increasing the stiffness ratio will result in the increase of both natural frequencies in a pair. However, increasing the mass ratio will result in the decrease of both frequencies.
• Proportionally increasing the mass ratio and the stiffness ratio (i.e., the natural frequency of the independent spring-mass remains constant) will result in the decrease of the first natural frequency and the increase of the second natural frequency in the pair. In other words, this enlarges the frequency coupling of the spring-mass and the beam, vice versa.
• The closer the natural frequency of a bare beam to that of the independent spring-mass, the stronger the frequency coupling between the beam and the spring-mass. Table 3 The first pair of dimensionless natural frequencies k 2 ¼ xl 2 ffiffiffiffiffiffiffiffiffiffiffiffiffi qA=EI p for beams with partly uniformly distributed spring-mass To extend the studies in the last subsection, we consider the spring-mass to be distributed over two, three or more parts of the span. The mass density and the stiffness of the distributed spring-mass are constants in each segment but vary from segment to segment.
Different uniformly distributed spring-masses on two segments
Consider a uniform cantilevered beam (free at the left end) with two segments of distributed spring-mass over the span of the beam. In such a case, g 3 = 0 and b 3 = l 3 = 0. The spring-masses have the parameters b 1 = k 1 l 4 /(EI) = 60 and l 1 = m 1 /qA = 5 on the first segment and b 2 = 20 and l 2 = 5 on the second segment. Two sets of distribution length, (g 1 = 0.25, g 2 = 0.75) and (g 1 = g 2 = 0.5), are considered. The calculated results show that the coupled natural frequencies can still be clarified into groups and there are three natural frequencies in each group. The first six groups of dimensionless natural frequencies are given in Table 4 and the mode shapes corresponding to the first group of natural frequencies are shown in Fig. 7 . It can be seen from Table 4 and Fig. 7 that • The coupled natural frequencies appear in groups. The mode shapes corresponding to the first group of natural frequencies are similar to the first mode of the bare beam and the modes corresponding to the second group of natural frequencies are similar to the second mode of the bare beam, and so on.
• The frequency coupling between the spring-mass and the beam mainly appear in the first group of natural frequencies. From the second group or higher, the first two natural frequencies in the groups gradually approach those of the independent spring-mass systems from the lower side while the third natural frequency in the groups gradually approaches those of the bare beam from the upper side, as the order of vibration mode increases.
• The free vibration of the coupled system can be approximately represented by a series of three degrees-offreedom systems, where two independent SDOF spring-masses systems are placed in parallel on the SDOF structure system as shown in Fig. 8 .
6.2.2. Different uniformly distributed spring-masses on three or more segments A uniform simply-simply supported beam with three segments of uniformly distributed spring-mass is investigated. The spring-mass occupies the full length of the beam and the lengths of the three segments are the same. The spring-masses have the parameters b 1 = k 1 l 4 /(EI) = 500 and l 1 = m 1 /qA = 2.5 on the first segment, b 2 = 500 and l 2 = 5 on the second, b 3 = 500 and l 3 = 10 on the third. The calculated results show once again that the coupled natural frequencies can be grouped and each group has four natural frequencies in the studied case. The first six groups of dimensionless natural frequency are given in Table 5 . It can be noted from the table that with the increase of the group order, the first three natural frequencies in a group are, respectively, close to those of the three different distributed spring-mass systems and the fourth is close to that Table 4 The groups of dimensionless natural frequencies k 2 ¼ xl of the bare beam. The dynamic characteristics are equivalent to a discrete four degrees of freedom system in which the three SDOF systems formed by the spring-masses on the three segments act in parallel on the SDOF system converted from the beam. Fig. 8 . The approximately equivalent model of a uniform beam with two segments of uniformly distributed spring-mass. Table 5 The groups of dimensionless natural frequencies k 2 ¼ xl 2 ffiffiffiffiffiffiffiffiffiffiffiffiffi qA=EI p for a simply supported beam with three segments of uniformly distributed masses when b 1 = b 2 = b 3 = 500, l 1 = 2.5, l 2 = 5, l 3 = 10, g 1 = g 2 = g 3 = 1/3 Based on the above analysis, it is a physical deduction that if n segments of uniformly distributed springmass with different natural frequencies are applied on a beam, the vibration of the coupled spring-mass and beam system can be approximately represented by a series of n + 1 DOF systems, as shown in Fig. 9 , in which n SDOF spring-mass systems act in parallel on the SDOF structure system. The conclusions from the foregoing analysis for beams with one, two and three segments of uniformly distributed spring-mass still hold for the general case.
Conclusions
This paper provides an exact analytical solution to investigate the characteristics of free vibration of a beam and distributed spring-mass system. The spring-mass acts over parts of the span of the beam and has the constant mass and stiffness on a segment but may vary from segment to segment. This model represents a structure occupied by a crowd of people. The study of the combined beam and distributed spring-mass system allows to examining the relationship between the continuous model and the corresponding discrete models, and assessing the effect of higher order modes of free vibration.
The main conclusions obtained are summarised as follows:
1. In each segment, the mode shape of uniformly distributed spring-mass is the same as that of the beam. However, the mode shape of the spring-mass can be discontinuous between two adjacent segments if the natural frequencies of the spring-masses on the two segments are different. 2. In a segment, when the natural frequency of the coupled system is smaller than that of the spring-mass, the motions of the spring-mass and the beam are in the same direction; when the natural frequency of the coupled system is larger than that of the spring-mass, the motions of the spring-mass and the beam are in the opposite directions. 3. A beam attached by n segments of distributed spring-mass with different n frequencies can be approximately represented by a series of n + 1 DOF systems. The n discrete spring-masses representing the distributed spring-masses connect in parallel to the base spring-mass representing the beam. This provides a theoretical basis for converting a continuous system with distributed spring-mass into several discrete systems. This conclusion is useful for developing simplified methods and studying human-structure interaction in engineering practice. 4. The coupled natural frequencies appear in groups. The number of frequencies in each group is equal to n + 1, if n segments of uniformly distributed spring-mass with different natural frequencies act on the beam. With the increase of the group order, the first n natural frequencies in a group approach those of the independent spring-masses from the lower side and the other approaches that of the bare beam from the upper side. 5. The degree of frequency coupling between a beam and distributed spring-mass is dependent not only on the structural parameters, but also on the order of natural frequencies. The coupled free vibration mainly occurs in the low order of natural frequency groups, especially in the first group of natural frequencies. 6. The solution of a beam and distributed spring-mass system can be applicable to some other problems, such as a beam on Winkler elastic foundation and a beam with distributed rigid mass.
